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Abstract 

Given any representation V of a complex linear reductive Lie group 
Go, we show that a larger semi-simple Lie group G with 

$ = So © V © V* @ ■ ■ ■ , 

exists when V has a finite number of Go-orbits together with a few ex- 
ceptions corresponding to a twisted version of it. In particular, V admits 
an open Go-orbit. Furthermore, this corresponds to an augmentation of 
the Dynkin diagram of go- 

The representation theory of g should be useful in describing the ge- 
ometry of manifolds with stable forms as studied by Hitchin. 

1 Introduction 

Each fundamental representation A fe R ra of GL n (M.) corresponds to the node 
labelled by k in the following Dynkin diagram T of GL n (M) 

o o ■ ■ • o o 

1 2 n-2 n~l 

It is interesting to observe that A fe R™ has an open orbit precisely when we can 
form a new Dynkin diagram by attaching a new node to T at the place labelled 
by k. Furthermore, the simple Lie algebra g corresponding to this new Dynkin 
diagram can be built from g[„ and A fe M™ and it is of the form 

g = fl [„©A fe M ri ©(A fe M ri )*©-- - . 

In this paper, we show that this phenomenon holds true in general. Given 
any complex linear reductive Lie group Go and any irreducible representation 
V of it. One could try to form a larger semi-simple Lie group G, or equivalently 
a Lie algebra g, of the form 

g = go © v © v* © • • • , 

as a Lie algebra with a Z-gradation. 
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The main result of this paper shows that such a Lie algebra g exists precisely 
when the number of Go-orbits in V is finite. Moreover, the Dynkin diagram of jj 
is an augmentation of the Dynkin diagram of Qq in the same way as in the GL n 
case, or a twisted version of it. Furthermore, the length of the Z-gradation can 
be easily read off from the Kac diagram [T7] and it is at most six. In particular, 
V has an open orbit. Irreducible representations which admit open orbits are 
completely classified ([14], also see Tables [3J and [4] for those which admits a 
finite number of orbits). We see that all cases except one have a finite number 
of orbits. More precisely, there are one series of such representations, namely 
(GL 2 x SL 2m +i 7 C 2 (g) A 2 C 2m+1 ), m > 4, which have infinite number of orbits. 
In fact the failure of having a finite number of orbits in these representations is 
related to the fact that PGL\ does not act m-transitively on P 1 for m > 4. In 
Section [9] we will discuss their orbit structures in detail. 

Remark 1: After the completion of the preliminary version of this article, we 
are informed by Landsberg and later by Rubenthaler that most of our results 
are already scattered around in Vinberg [23], Rubenthaler [2D], [2T] and Kac 
[T2] . and are closely related to Landsberg recent joint works with Manivel and 
Robles respectively. More specifically, Theorem 14. II is similar to Lemma 1.3 in 
[T2] which has been established in Vinberg [23] , and Theorem l3.2l was first proved 
in J2UJ. On the other hand, Landsberg and Manivel [TB] provide a geometric 
description via projective geometry for the minuscule representations, which are 
subclasses of representations possessing open orbits. Landsberg also informed 
us that his recent joint work with Robles extends the geometric description in 
[16] to the general case. 

Let us consider the GL n -case in greater details. There is a classical result 
about the irreducible representations of GL n (R): The fundamental representa- 
tions A k W l (k < ^) of GL„(R) has an open orbit if and only if (n, k) lies in one 
of the following classes: 

(i) n > 2,k = 1; 

(ii) n > 4, k = 2; (1.1) 

(iii) n = 6, 7, 8, k = 3. 

Due to the isomorphism A k R n = A n_fe (R n )* as GL„(R) representations, we 
can confine to the cases where k < ^. One observation is that such configura- 
tions can be reinterpreted as follows: Starting from a Dynkin diagram of type 
A n -i 

o o • • • o o 

1 2 n-2 n-1 

one tries to add an extra node to obtain another simply-laced Dynkin diagram 
of one higher rank. According to the classification of reduced root systems [9], 
we have a full list of possibilities: 
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(i) 4_i -> A 



o o — 

1 2 



n— 2 n— 1 



(ii) A„_x -> D„ 



o o — 

1 2 



n-2 n-1 



(iii) A„_i — > £7 n for n = 6, 7, 



In other words, they are obtained from attaching the extra node to the "k th 
node" of the original diagram. Then the possible pairs of (n, k) coincide with 
the list given in (jl.ip . 

The complete dictionary between the existence of open orbits in A fc R" and 
the simply-laced extensions of Dynkin diagram of type A n -\ at the "k th node" 
suggests a representation-theoretic explanation of this phenomenon. This will 
constitute the main content of this paper. 

In the case of the fundamental representation A fe (R")* of GL n (M), an ele- 
ment weA'fl")' which lies in an open orbit is called a stable form. Clearly 
this notion is independent of the choice of coordinates and hence it can be de- 
fined on any smooth manifolds. Hitchin [B] studied closed differential forms 
with such properties. These stable forms have the advantage that they are 
stable under deformations and are the critical points of the associated volume 
functionals in their respective cohomology classes, which can be treated as a 
nonlinear version of the Hodge theory. The symmetry group Aut(M. n ,u;) of a 
stable form u> is just the isotropy subgroup of GL n (M.) at u>. For example, 
when n is even the geometry of stable two forms is the symplectic geometry and 
Aut(W n ,ijj) = Sp(n,M.). Moreover, the E n cases are related to the exceptional 
geometries, these geometries are essential to mathematical physics, especially 
in developing mathematical models for string theory, these are studied by Wit- 
ten [TB] and his collaborators. For instance, the geometry of stable 3-forms on 
7-manifolds are known as the G2-geometry which is an essential ingredient in 
the M-theory. In general, given a representation V of a linear reductive group 
Go, we try to construct a new semisimple Lie algebra 



= Bo © V © V* 
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But this is possible only when there is an open orbit, or infinitesimally, we have 
go = Aut(V,w) © V for some ui <E V. It suggests that the representation theory 
of g should be a useful tool to study the geometry of manifolds with stable 
forms. 

Roughly speaking, we have established the following one-to-one correspon- 
dence: 

{Irreducible prehomogeneous 1 J Augmentations of 

vector spaces of parabolic type J 1 Dynkin diagrams 

The term "prehomogeneous vector spaces (PVS)" was first introduced by M. 
Sato in 1961, since then a lot of results concerning these objects have been es- 
tablished, in particular the classification of irreducible prehomogeneous vector 
spaces was completed in [TJ], we will discuss them in Section^ According to 
a result of Richardson [19j . one source of irreducible prehomogeneous vector 
spaces is obtained by considering a parabolic subgroup of a complex semisimple 
Lie group, from which we obtain a representation of its Levi factor on the vector 
space u/[u, u], where u is the nilpotent radical of the corresponding parabolic 
subalgebra. Those irreducible prehomogeneous vector spaces from this origin 
are said to be of parabolic type. Indeed, they lies in a subclass of irreducible 
prehomogeneous vector spaces which consists of a finite number of orbits. How- 
ever, they fail to occupy the whole subclass with a few exceptions which fall 
into the class of prehomogeneous vector spaces of twisted affine type. We will 
justify our terminology in Section [8] 

Now let's sketch our approach and state our main results. Let G be a 
connected complex semisimple Lie group with Lie algebra g. Upon choosing a 
Cartan subalgebra t), there associates a root system A of g. Then we arbitrarily 
pick up a system of simple roots n = {ag, a±, . . . , a^} and define c £ t) to be the 
unique element such that (Xq{c) = 1 and a,-(c) = for all 1 < i < i. Set gi to be 
the eigenspace of ad c in g with eigenvalue i, so that we obtain a Z-gradatior0 

= 0fl*- 

It follows immediately that g is a regular reductive subalgebra of g as the 
centralizer of c and g is called an ambient Lie algebra containing g Q . Let Go — 
Zg( c )° be the closed connected subgroup of G with Lie algebra g - It is then 
clear that all gi are invariant under Go and thus are its representations. Note 
that under the Killing form of g, we can identify g t as the dual space of g_i for 
all z =/= and that such identification is Go-equivariant, i.e. they are dual as Go- 
representations. Let gQ S := [flo,flo] denote the semisimple part of go. Then the 
inclusion rjp s C induces a corresponding inclusion of their Dynkin diagrams 
L(jJo s ) C r(g). Our main result is that to every connected augmentation of 
Dynkin diagrams, there exists a unique irreducible reduced PVS with an extra 
data called connecting multiplicities to be defined in Section [3] More precisely, 
we have the following theorem. 

1 See Appendix lAl for its definition. 
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Theorem 1.1. Let G,Gq,q = © i6 z0i be defined as in the above paragraph, we 
have: 

(i) Fori 7^ 0, Qi are weight multiplicity fre^ irreducible representations of Gq 
with a finite number of orbits: in particular, it implies that (Gojfli) are 
prehomogeneous vector spaceQ 

(ii) Every augmentation of Dynkin diagrams can be realized by a connected 
complex semisimple Lie group G with a suitable choice of simple root ctQ, 
i.e. it can be expressed in the form (T(g), T(gQ S )). 

(Hi) There is an one-to-one correspodence 



Isogeny classes of 
simply-laced irreducible 
prehomogeneous vector spaces 
with finite number of orbits 



Simply-laced 
augmentations of 
Dynkin diagrams 



Namely, we associate to a simply-laced augmentation of Dynkin diagrams 
(r(g), r(gg s )) the simply-laced prehomogeneous vector space (Gq,0_i). 



(iv) There is an one-to-one correspondence 



Irreducible prehomogeneous 
vector spaces of 
parabolic type together 
with their connecting multiplicities 



Connected 
augmentations of 
Dynkin diagrams 



Explicitly, we assign to each connected augmentation of Dynkin diagrams 
(r(g), r(gg s )) the irreducible reduced prehomogeneous vector space 

(G , 0-i,^(0,0-i)) 
with the corresponding connecting multiplicities v(q, 0-i). 

Now we illustrate how to apply Theorem 11.11 to our motivating question at 
the beginning. The first observation is that given the representation A fe R ra of 
GL n (R), we can complexify it to a representation of GL n (C) and then restricted 
to SL n (C). By taking differentials, we obtain the representation A k C n of sl„C. 
Except the trivial cases where k = or n, for all other cases included in (II. 1|) . 
A fc C™ are corresponding to the k th or (n — k) th fundamental weight of sl n C, 
which is exactly corresponding to the k th or (n—k) th node of its Dynkin diagram. 
It provides one possible linkage between the two sets of objects. 

From Table [TJ we see that the representation A fc C" always exists as the 
(— l)-graded component and it turns out to be the case in general. Then by 
Theorem 1 1.11 (GL n C, A fe C n ) have open orbits exactly when (n, k) are as listed 
in (|l.ip . Finally by a theorem of Whitney, we successfully translate the result 



2 See Definition [211 

3 See Definition [2721 
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Table 1: Graded pieces of semisimple Lie algebras associated to (GL n , A fe C n ) 

3 

= (J) 0i ) 0-i — 0i 

z=-3 






00 


0-i 


0-2 


0-3 


sl 2 x sl n 


[ n 


C 








Stn+1 


J n 


c n 










0'n 


A 2 C" 










9k 


A 3 C 6 


A 6 C 6 









A 3 C 7 


A 6 C 7 





es 


0^8 


A 3 C 8 


A 6 C 8 


C 8 <g> A 8 C 8 



back to the real cases when the corresponding complex representation of its real 
form is of real type; in particular it is always the cases for split real formfl 

Let us briefly describe the content of the paper. In Sections [2] and [31 we 
will set up the general framework and the terminology used throughout this 
paper. The main result on the finiteness of orbits will be established in Section 
[4j Then the termination of Z-gradations will be discussed in Section [5] After 
that, we will give an explicit construction of generic elements in the simply-laced 
cases in Section [6] The proof of Theorem 11.11 will be completed in Section [Jj 
Sections [S] and are devoted to the discussion of the two exceptional cases in our 
construction. Finally the first two appendices present the basics of Z-gradations 
and algebraic groups, and the tables are contained in the last appendix. 

2 Weight Multiplicity Free Representations and 
Prehomogeneous Vector Spaces 

In this section, we will introduce two notions in representation theory which 
have been well understood for a long time, namely that of weight multiplicity 
free representations and prehomogeneous vector spaces. Both objects have been 
completely classified and proved to be useful in many branches of mathemat- 
ics. Here we will use them to give a necessary condition for the existence of 
augmentation of Dynkin diagrams. 

Definition 2.1. Let g be a complex semisimple Lie algebra. A representation V 
of q is said to be weight multiplicity free if every weight space is one dimensional. 

The classification of irreducible weight multiplicity free representations of 
complex simple Lie algebras can be found in [7j. The complete list is as follows: 

4 Complete classification of real forms of irreducible prehomogeneous vector spaces of 
parabolic type is obtained in |21| 
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(i) At(sl t+1 C): 

(a) The fundamental representations A m C +1 with highest weight u m , 
for m — 1, . . . , I. 

(b) The symmetric tensor powers S m C e+1 and S m (C e+1 )* with highest 
weights mu>i and mojg, for to G Z>o- 

(ii) B^(so 2 ^+iC): 

(a) The standard representation C 2e+1 with highest weight 

(b) The spin representation S with highest weight W£. 

(iii) C* £ (sp 2< ,C): 

(a) The standard representation <C 2£ with highest weight u>\. 

(b) When I = 2 or 3, the last fundamental representation, Ap rim C 4 and 
Ap rim C 6 respectively, with highest weight u>t- 

(iv) L^(so 2 ^C): 

(a) The standard representation C 2£ with highest weight ui\. 

(b) The two half-spin representations S + and S~ with highest weights 
w^_x and uj£ respectively. 

(v) ^(£ = 6,7,8): 

(a) The two 27-dimensional representations of Eq with highest weights 
lo\ and We- 

(b) The 56-dimensional representations of E? with highest weight uiy. 

(c) There are no weight multiplicity free representations for Eg. 

(vi) F4,: There are no weight multiplicity free representations for F±. 

(vii) G 2 : The 7-dimensional representation of G 2 with highest weight w 2 . 

Here the numbering of the fundamental weights u>i are adopted to that of Bour- 
baki [2] (also see Table©. 

Proposition 2.1. Let g = ai x ■ ■ • x afc be a decomposition of a semisimple 
Lie algebra g into simple ideals = 1, . . . , k, and suppose that Vi is a finite 
dimensional representation of for each i. Then V\® ■ ■ ■ ®Vk is a weight mul- 
tiplicity free representation of Q if and only if all the Vi 's are weight multiplicity 
free. 

Proposition 2.2. Let V be a weight multiplicity free representation of a complex 
semisimple Lie algebra Q. If all weights of V are congruent modulo the root 
lattice A of Q, then V is irreducible. 
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Proof. Fix a Cartan subalgebra f) and a system of simple roots II = {a\, . . . , ocg} 
so that A = Z (cui, . . . , a^), and let Hi be the unique element in [g ai , 0- Qi ] with 
cti(Hi) = 2. It suffices to show that the highest weight of V is unique. Suppose 
on the contrary that A and /j are two distinct highest weights of V. Since A 
and \i are congruent modulo A, A — /i = a for some a £ A. Now by separating 
the positive and negative parts of a as a linear combination of a±, . . . , ai, we 
can find two disjoint subset /, J of {ai, . . . , a^} and positive integers rii, rrij for 
every i € I,j € J, such that 

7/ := A — n;ai = /i — m jOtj. 
iei jeJ 

Note that for each i ^ J, 

7j(ff0 - /iffl,) -5]ffl jQj (I() > 

since aj(Hi) < for all j ^ i. Similarly, we have for each j 6 /, 

iei 

As 7 and J are disjoint, we conclude that rj{Hi) > for all i = 1, . . . ,£ which 
implies that rj is a dominant integral weight in ()*. It follows that 77 must be 
a weight of V with multiplicity at least two since each of the highest weight 
submodulcs of V of weights A and n contributes at least one dimension to the 
weight space V v . But this contradicts that V is weight multiplicity free. □ 

Definition 2.2. Let G be a complex reductive algebraic group and V a rational 
representation of G. (G, V) is called a prehomogeneous vector space if there 
exists a dense G-orbit in V . 

According to Proposition IB . ll in Appendix IBl the dense orbit must be open. 
In other words, prehomogeneous vector spaces are just representations with 
exactly one open orbit. All irreducible prehomogeneous vector spaces have been 
classified in [14]. 

Proposition 2.3. Given a representation V of a linear connected algebraic 
group G. Then the following conditions are eguivalent: 

(i) (G,V) is a prehomogeneous vector space. 

(ii) There exists a vector v G V such that dimG v = dimG — diml^, where 
G v = {g 6 G\g ■ v = v}. 

(Hi) There exists a vector v G V such that q ■ v = V . 

Theorem 2.4 (Richardson |19j). Let G be a connected complex semisimple Lie 
group, and let P be a parabolic subgroup of G with Levi decomposition P = LIJ , 
where L is its Levi factor and U its unipotent radical. If u = Lie(U), then 
(L,u/[u, u]) is a prehomogeneous vector space. 



8 



Definition 2.3. Let (Go, V) be a prehomogeneous vector space, where Go is a 
connected complex reductive Lie group of the form GL\ x Gq s for some complex 
semisimple Lie group Gff . 

(i) (Gq,V) is said to of parabolic type if it can be obtained from a connected 
complex semisimple Lie group G in the sense of Theorem \2.4\ 

(ii) (Go, V) is said to be reduced if its dimension is minimal over all preho- 
mogeneous vector spaces which are castling equivalent to it. 

(Hi) (Go,^) is said to be irreducible ifV is irreducible as a Go -representation. 

3 Augmentations of Dynkin Diagrams 

It is well-known that every complex semisimple Lie algebra g admits a unique 
Dynkin diagram T(jj) determined by the associated Cartan matrix, up to per- 
mutations of numbering of its entries. We also know that T(g) is connected if 
and only if g is simple. In this section, we would like to study when one can 
add an extra node to a given Dynkin diagram with corresponding relations of 
the edges attaching to the node so that it remains a Dynkin diagram of some 
semisimple Lie algebra of higher rank. In other words, we want to study all pairs 
of Dynkin diagrams (L, To) consisting of a Dynkin diagram T and a subdiagram 
To obtained by removing a single node and all edges attached to it. 

Definition 3.1. An augmentation of Dynkin diagrams is a pair (T, Tq) of 
Dynkin diagrams such that To is a subdiagram ofT obtained by removing exactly 
one node and all the edges connected to it. 

Note that subdiagrams of a Dynkin diagram correspond exactly to the prin- 
cipal minors of the corresponding Cartan matrix. Therefore any subdiagram 
of a Dynkin diagram is also a Dynkin diagram and the above definition makes 
sense. To represent an augmentation of Dynkin diagrams (r,To) diagrammat- 
ically, we will use the Dynkin diagram T with a painted node indicating the 
omitted node in L . 

Starting with a semisimple Lie algebra g, our approach is to give a real- 
ization of Lo as a subsystem of simple roots of a semisimple subalgebra of g 
through a Z-gradation of g, and we will associate to it a collection of irreducible 
representations which detect the validity of such pair. 

First of all, let's set up some notations. Let G be a connected complex 
semisimple Lie group with Lie algebra g, and f) be a Cartan subalgebra of g. 
Then we have a root space decomposition of g with respect to t) 

= f> © 0a 

5 {GL n x G,C" ® V) = (GL n _ m x G,C n " m ® V*) where dimV = m < n induces an 
equivalence relation on the set of PVS, which is called the castling equivalence. 
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where A is the root system of g with respect to t). Assume that rank(g) = £+ 1, 
and let II = {ao, ai, ■ ■ ■ , ag} C A be a system of simple roots. For each i € Z, 
set Aj = (Z (ai, . . . , at) + ia>o) n A so that 

A = □ A,. 

Now for each i ^ 0, denote g, = ffi g a , and define 0o = fj ffi @ Q - Then 

it is easy to verify that g = g^ is a Z-gradation. From Proposition IA.1I in 

Appendix O go is a reductive subalgebra of g and thus Qq s is a semisimple 
subalgebra of rank I. 

Let c be the element in f) such that ao(c) = 1 and aj(c) = for all 1 < i < £ 
Then we can write f) = Cc © t where t is the orthogonal complement of Cc in f) 
with respect to the Killing form of g. It is^clear that t is a Cartan subalgebra 
of Qq s and the corresponding root system Ao = {a|t \a G Ao} has a subsystem 
of simple roots given by IIo = {a>i\i |1 < i < £}. 

If we identify n with n = {a\, . . . ,a#}, we see that (r(g), r(gg s )) is an 
augmentation of Dynkin diagrams. As long as only augmentations of Dynkin 
diagrams are concerned, the choices of the Cartan subalgebra f) and the system 
of simple roots II are inessential, and we will fix f) and II once and for all in the 
remaining part of this paper. 

The element c constructed above plays an important role in the structure 
of the Z-gradation of g, for instance, we have $i = {X G g|[c, X] — iX} for all 
i G Z; in particular, go is the centralizer of c in g with center 3 fl0 = Cc. 

Lemma 3.1. Let g = ^^0; be the Z-gradation constructed as in the above dis- 

iez 

cussion, and let (•, and (•, -} t be the Cartan products ont)* andt* respectively. 
Then (a, 0). = (a|t, /?|t) t for all a G A, (3 G Ao. 

Proof. Let Hp be the unique element in [0,3,0-/3] C t such that /3{Hp) = 2. 
Since Qp = (gg s )/3| t , Hp is also the unique element in [(flo s )/3|t> (0o s )-,3|t] such 
that f3\t(Hp) = 2. It follows that 

(a\ t ,P\ t } t = a\ t (Hp)=a(Hp) = (a,/3}^. 

□ 

Theorem 3.2. Let g = Q)gi be defined as above. 

(i) For each k ^ 0, Qk is an irreducible weight multiplicity free representation 
ofti s - 

(ii) — ao|t is the highest weight o/0_i as a Qff -representation. 
6 The theorem was first proved in |20| . See also Remark 1. 
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Proof. (i) Note that from jjfc = g a , we have each root space g Q in g^ 

is contained in the weight space Qk as a go s -module of weight a|t. Now 
for any two distinct a, j3 6 A&, we have a — /3 € Z (ai, . . . , a^} and thus 
ct\t — (3\t is a nonzero element in the root lattice Ao generated by Ao- Hence 
distinct root spaces in Qk lie in different weight spaces of [go, So]; in other 
words, Qk = ® a ^ s P rec i se ly the weight space decomposition as gg s - 

aeA k 

module. Now since each root space is one dimensional, we conclude that 
Qk is a weight multiplicity free representation of Qq s . Finally as all weights 
are congruent to each other modulo the root lattice Ao, gfc is irreducible 
according to Proposition [ 



(ii) Note that from the proof of (i), we have the set of weights of g_i being 
the restriction of the elements in A_i to t. Now for each a 6 A_i, 



a = —olq - 2_j niCti 

i=l 



for some non- negative integers n,(i = 1, . . . , £). It follows that 



— a.Q — a = nidi 

i=l 

is positive in the lexicographical ordering. Thus — ao|i is the highest weight 
of g_i as a gQ S -representation. 

□ 

Up to now, we have established (i) and (ii) of Theorem 11.11 From Theorem 
13.21 we observe that the gg s -representation g_i imposes severe constraint on 
the possible augmentations of Dynkin diagrams as it gives a finite list of pos- 
sible weights — ao|t- Assuming the existence of such augmentation of Dynkin 
diagrams, in virtue of Lemma 13.11 g-i determines the Cartan matrix of the 
possible g up to the choice of the values (ai, ceo}^ for 1 < i < I. But according 
to the properties of Cartan matrices, the only ambiguity happens for those i 
where (00,0^)^ = —1. Therefore, if we restrict to only simply-laced simple Lie 
algebra g, g_i determines completely the structure of g. 

An alternative method to remove the ambiguity is to associate the miss- 
ing vector of integers (— (ot\, cto)^ ao)f,) to the representation g_ x . 
Since every Dynkin diagram does not have any cycles, the extra node can only 
connected to each component of r(gQ S ) at no more than one node a^, and only 
those (ai,ao)f, give us information. Hence we define the notion of connecting 
multiplicities to capture this piece of information. 

Definition 3.2. Let g = ^J^gi be defined as above. Suppose that Qq s = 01 x 
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• • • x a r is the decomposition of gg s into simple ideals. The IL-valued vector 

v(q,Q-i) = (ai,...,a r ) with ai= max -(a,a )u, 

aer(ai) 

is called the connecting multiplicities of Qq s -representation g_! with respect to 
&■ 

Remark 2: To avoid ambiguity in defining Q-i), we adopt the convention 
that the simple ideals are lined up in alphabetical order according to their Lie 
types and among those with the same Lie type we write the one with smaller 
rank in front. If it happens that some of them arc exactly the same, we simply 
put the values in descending order. 

Clearly, elements in 1/(2, g_i) takes values only from {0, 1, 2, 3} and that 2, 3 
cannot appear twice or at the same time. Also g is simple if and only if z/(g, g_i) 
does not contain 0. 

The following proposition captures some important direct consequences from 
the Cartan matrix of g. 

Proposition 3.3. Let g = ^^gi be defined as above, u> be the highest weight of 

g_i as a Qff -representation and A be the Cartan matrix of q with respect to the 
system of simple roots II = {ao, . . . ai\. Suppose v(q, Q-i) = (ffli, • • ■ , a r ) and 
a, = (a,-,Q!o)^ 

(i) di — if and only if (w, aj|t) t = 0. 
(ii) For all a; 0, we have 

a i {H ai , H ai ) 

is a nonzero constant independent of i . 

(Hi) All principal minors of A are positive definite. 

In fact, we will show in Section [7] that those conditions in Proposition 13.31 
are the only conditions required to construct back the ambient Lie algebra g. 
As a result, we abstractly define the connecting multiplicities of an arbitrary 
irreducible representation. 

Definition 3.3. Let V be an irreducible representation of a semisimple Lie 
algebra g with highest weight u). A 1-valued vector v ~ (<Zi, . . . , a r ) is called the 
connecting multiplicities of V if the following conditions are satisfied: There is 
a system of simple roots II = {a\, . . . , ai} so that 

(i) ai — if and only if (w, ai) = 0. 

(ii) For all ai 7^ 0, we have 

ai(H ai , H ai ) 
is a nonzero constant independent of i . 
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(Hi) All principal minors of 



( 2 



(ai,ai) 



-(ui,a r ) 
(ai,a r ) (ai,a r+ i) 



\ 

(ai,ott) 



A = 



— a r 







V o 



(at, at) ) 



are positive definite. 

Remark 3: From the definition of v, A is a Cartan matrix. 

There is one further possible reduction of the problem, namely it suffices to 
consider simple Lie algebra 9. The reason is that only the connected compo- 
nent of r(g) containing ao is sensitive to our Z-gradation of g. Note that the 
root system of g decomposes into irreducible subsystems which are mutually 
orthogonal to each other, each of which corresponds to a connected component 
of r(fj). Thus the root spaces Q a are contained in go for those a lying in an irre- 
ducible subsystem not containing ao, and they act trivially on each Qk(k ^ 0). 
Therefore, if r (g) denotes the connected component of T(g) containing ao and 
IVOo 5 ) is tne subdiagram of T(gg s ) obtained by deleting the nodes lying in 
the connected components not containing ao, then (T (g), r (go s )) is still an 
augmentation of Dynkin diagrams, and all the nonzero graded pieces Qk remain 
unchange. 

In the next section, we will show that such Qk are prehomogeneous vector 
spaces with respect to a closed connected reductive algebraic group Go corre- 
sponding to the Lie algebra go. 

4 Orbit Finiteness and Prehomogeneity 

Up to now, we have shown that Qk for k 7^ are irreducible weight multiplicity 
free representations of gff . By taking into account of the action of the closed 
connected subgroup Go of G with Lie algebra go, we succeed in showing that 
(Go, Qk) are prehomogeneous vector spaces for all k ^ 0. Essentially the proof 
will be separated into two steps: 1) To establish an orbit finiteness statement 
of Go on Qk, 2) to show that there is exactly one open orbit in Qk, which is the 
restriction of a nilpotent orbit in g onto g^. 

Theorem 4.1. Let G be a connected complex semisimple Lie group with Lie 
algebra g. Suppose that g has a *L-gradation g = @ ieZ gi- Let Go be the closed 
connected subgroup of G with Lie algebra go. Then for each k ^ 0, the action 
of Go on Qk has a finite number of orbits. 

7 The theorem was first proved in |23| . See also Remark 1. 
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Before going into the proof, we need a simple lemma. 

Lemma 4.2. Under the same conditions as in Theorem \4-l\ for each k =/= 0. 
every element in Qk is nilpotent in q. 

Proof. Pick any X £ Qk, we have, for all i 6 Z, ad™(gi) C Qi+ m k- Since g is 
finite dimensional and k ^ 0, Qi+ m k = for sufficiently large m. Hence ad™=0 
and X is nilpotent in g. □ 

Proof of Theorem \4-l\ First note that [go, Qk] C Qk, and hence Qk is Go-invariant. 
Let Qk '■= Ad(G)-0fc be the G-saturation of Qk in g. By Lemma l4"T2l every element 
in Qk is nilpotent in g, so that the same is true for Qk- In other words, Qk is a 
union of nilpotent G-orbits in g, which must be finite since there are only finite 
number of nilpotent G-orbits in q [3] . It remains to show that for every G-orbit 
O in Qk, On Qk splits into a finite number of Go-orbits in Qk- 

By the definition of Qk, there exists X £ Qk such that O = Ad(G) • X, so 
that O n Qk ^ 0. Now for any I'eOn 

Tx'(C3ng fc ) c [Q,X']r\Q k = [flo, A"'] =T x <(Ad(Go) ■ X'). 

But on the other hand, we have OPiQk D Ad(Go) ■ X' since Qk is Go-invariant. It 
follows that T X '(0 n Q k ) = T X '(Ad(Go) • X'), thus X' is a nonsingular point of 
ODQk and Ad(G )-X' is open in Ong fc . As X' <E OC\Q k is arbitrary, Ad(G )-X' 
is also closed in O n g?j for its complement is a union of such orbits. Thus the 
Go-orbits in O (~1 Qk are precisely all the connected components of O fl g& and so 
Oflg/c being a smooth manifold can possess only finite number of Go-orbits. □ 

Remark 4: The analogous statement of Theorem l4.1l for Z TO -gradation a = g$ 

holds true as long as Qk,k ^ 0, are contained in the nilpotent cone of g. The 
line of proof runs exactly the same except one must replace Lemma 14.21 by the 
above assumption. 

Theorem 4.3. Under same conditions as in Theorem ^. 1\ Qk has a unique open 
Go-orbit of the form Ok f~l Qk, where Ok is the unique open G-orbit in Qk- In 
particular, (Go,Qk) is a prehomogeneous vector space for every k =/= 0. 

Proof. Note that Qk is irreducible as an affine variety, which forces all open 
Go-orbits in Qk to be dense and thus coincide. Therefore, (Go,8fe) is trivially a 
prehomogeneous vector space in virtue of Theorem 14. 11 This proves the second 
statement. To establish the first assertion, we need the following two lemmas: 

Lemma 4.4. With the same notations as in Theorem \4-l\ there is a unique 
nilpotent G-orbit in Qk = Ad(G) ■ Qk which is open in Qk for every k ^= 0. 

Proof. Suppose on the contrary that there are two such nilpotent G-orbits 
0',0". Then O' (~l g/c and O" fl Qk are nonempty and open in Qk- As Qk is 
an affine space, and hence irreducible, O' n g^ and O" n Qk are dense in g^. It 
follows that O' intersects with O" nontrivially, which forces O' — O" . □ 
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Lemma 4.5. Let Ok be the unique nilpotent G-orbit contained in Qk obtained 
in Lemma \4.4\ Then Ok D Qk is connected. 

Proof. Suppose that there exist two nonempty proper open subsets U% , U 2 of 
Ok n Qk such that 

Ok r\Q k = U 1 UU 2 and U x n U 2 = 0. 

Then by definition, we can find two nonempty open subsets Oi , of Qk such 
that 

i/ i = n i no*n0fc,t = i,2. 

Since fii, Sl 2 and OkCiQk are nonempty open subsets of Qk, ah of them are dense 
in Qk- Therefore, 

u x n u 2 = n x n si 2 n o k n 0fe ^ 0, 

which contradicts our assumption. □ 

By Lemmas 14.41 and 1431 Ok flgt is an open dense connected subset of Qk- 
Referring to the proof of Theorem l4.1[ we see that Ok C)Qk is a smooth manifold 
and the Go-orbits of Qk inside Ok n Qk are precisely its connected components, 
which must be Ok D Qk itself. Thus Ok n Qk is an open dense Go-orbit in Qk D 

In fact, from Proposition 12.31 we know that prehomogeneity is an infinites- 
imal notion determined only by the action of the Lie algebra Qo, so that it 
depends only on the Lie type of the complex semisimple Lie group G and that 
of the reductive subalgebra Go- This suggests a reason why this notion should 
be related to augmentations of Dynkin diagrams, which capture exactly the Lie 
types. 

Finally, we close this section with a result concerning the corresponding 
action of the real forms of Go . 

Theorem 4.6. Let (Go)r be a real form of Gq. Regarding Qi (i ^ 0) as a 
complex representation of (Go)r if it is of real type, then the (Go)r action on 
(fli)]R has a finite number of orbits. In particular, i/(Go)a is the split form of Go, 
then Qi (i ^ 0) is always of real type and the corresponding real representation 
(fkV consists of a finite number of orbits. 

Proof. It is a direct consequence of Theorem 14.11 and Theorem IB. 61 □ 

5 Termination of Z-Gradings 

Recall that upon choosing a simple root ao £ II, we have constructed a Z- 
gradation 

= 00*- 
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Since g is finite dimensional, there exists a positive integer n such that Qi = 
for all \i\ > n. In virtue of Proposition lA.il g_j is naturally identified with g* 
as a go-representation using the Killing form of g. In other words, we have 



n 



0=0 



where dimg„ = dimg_„ / 0. We call n the order of g with respect to c*q or 
the order of the Z-gradation. In fact, there is an easy algorithm to compute the 
order n. We will consider only the case in which g is simple, the general case 
follows by considering the simple ideal containing the root space g ao . 

From now on, suppose that g is a complex simple Lie algebra. Let a £ A be 
the highest root of g. Then 



for some positive integers rii,i = 0, . . . , I. 

Proposition 5.1. With the above notations, the order of g with respect to ao 
is no- 

Proof. By definition, we have a 6 A„ and that for every root 



where rrii are non-negative integers for i — 0, . . . , t, we have rrii < rii for all 
i = 0, . . . , £. In particular, n is the greatest integer n for which A„ ^ 0. □ 

Indeed, in each simple case, we can write down the highest root explicitly. 
Table [2] shows the Dynkin diagrams of all simple complex Lie algebras with 
each node labelled by the coefficient of the corresponding simple root in the 
highest root, which is just the order with respect to the corresponding simple 
root according to Proposition \5A\ 

From Table [2j we see immediately that the only possible orders are 1 < 
tiq < 6. Indeed, for those g with order hq > 1 with respect to ao, we can 
find a semisimple regular subalgebra g of g containing go with the same rank 
as g such that the corresponding Z-gradation has order 1 and that the original 
Z-gradation factors as a Z„ -gradation over g. 

Note that given a system of simple roots II = {o^, . . . , cti}, we have an 
extended system of simple roots II = II U {—5} by adjoining the lowest root — a 
to it. Set ITj = n\{aj and A(i) = Z (IT) n A for i = 0, . . . ,£. Then it is known 
that A(i) forms a reduced root system of A which corresponds to a semisimple 
subalgebra of g of the same rank with a system of simple roots given by IT. 
Besides, we have the following result concerning the maximal regular reductive 
subalgebras of g which is a direct consequence of a result by Borel-de Siebenthal 
P] on the maximal closed subroot systems: 




Q = 



t 

^ m.^ G A 

i=0 
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Tabic 2: Dynkin diagrams with nodes labelled by the orders with respect to the 
corresponding simple roots. 



o o — 

1 1 



o o 

1 1 



o > o 
2 2 



C„ o o — 

"22 



o < o 

2 1 



Ei o o o — 

'234 



02 



En o o o — 

8 2 4 6 



o o 

2 1 



01 



Ee. o o o o o 

D 1 2 3 2 1 



02 



o o o 

3 2 1 



o o o o 

5 4 3 2 



03 



G 2 



O < [ o 
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Theorem 5.2. Let g be the simple Lie algebra defined above and let a =^~~^ n%oii 

i=Q 

be the highest root with respect to the simple root system II = {ao, . . . , af\. Then 
all maximal regular reductive subalgebras can be obtained in one of the following 
ways: 

(i) when rii is a prime number, the regular semisimple subalgebra is 

aeA(i) 

with root system given by A(i); 
(ii) when ni = 1, the regular reductive subalgebra is 

I)© Q a , 

aeAa(i) 

where A Q (i) = Z (n\{ ai }) n A. 

For a detailed proof see Goto and Crosshairs [5]. The main idea is that 
every maximal subroot system is generated by an element A £ t)* in the sense of 
{a £ A (A, a) £ Z}. But the choice of such A is invariant under the afhne Weyl 
group Waff, which can be assumed to lie in the closure of the fundamental alcove. 
Finally by explicit case- by-case computations, we obtain the above result. 

There is a useful criterion for a regular subalgebra being reductive: 

Proposition 5.3. Let f = i © (B ae $ 0q be a regular subalgebra of a semisimple 
Lie algebra q with respect to a Cartan subalgebra fj, where 6 is a subspace of f) 
and $ C A as a subroot system. Then f is reductive if and only if 4> is closed 
and symmetric (i.e. ($ + $) f~l A C $ and $ = -$J and span{H a \a e$}ct. 

n 

Proposition 5.4. Let q = 2i be the TL-gradation defined above with g n ^ 

i— — n 

and m a positive integer dividing n. Then 

fl( m )o := t 

i=0(mod m) 

is a regular semisimple subalgebra of q of the same rank containing Qq. More- 
over, Q{n)o is a maximal regular reductive subalgebra of g whose root system is 
isomorphic to A(0) = Z (IIo) H A and its system of simple roots is Hq. 

Proof. Note that the set of roots in A occurring in fl(m)o is 

[J Afc m , 

fcez 
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which is closed and symmetric. Thus, by Proposition 15.31 g(m)o is a regular 
reductive subalgebra of 9. As 90 C fl(m)o, ig(m) C 3 Bo = Cc. But c acts non- 
trivially on g m implies that 3 B ( m ) = 0- Hence g(m)o is a semisimple subalgebra 
of the same rank. 

To verify the second statement is equivalent to show that 

g(n) = f)© g Q , 

aeA(O) 

which reduces to verify that A(0) = A_„UAoUA„. Note that a € A„, we have 
A n = (Z (ai, . . . , a£)+a)flA; similarly, we have A_„ = (Z (ai, . . . , ai)-a)flA. 
Therefore, 

A(0) = Z (ai, ...,Q f ,tt)nA 

1 

= (J ((Z (ai, . . . , at) + ia) n A) 

»=— 1 

= A_„UA UA n . 

□ 

n 

We have the following characterization of the Z-gradation g = when 

■z— — n 

U = 1 or n is a prime number. 

n 

Theorem 5.5. Let g = 6e a X-gradation of g as constructed above with 

i——n 

(i) If n = 1, then go is a maximal reductive subalgebra of g with an one- 
dimensional center; 

(ii) if n is a "prime number, then g(n)o is a maximal semisimple subalgebra 
of g of the same rank for which go lies in q(u)q as a maximal reductive 
subalgebra with a one- dimensional center. 

Proof. By Proposition 15.41 we have go in (i) being the second case of Theorem 
15.21 and g(n)o in (ii) being the first case of Theorem l5.2l □ 

Proposition 5.6. Under the same conditions as in Proposition \5.4\ we have 

0=0 flHj 

jez m 

is a 1 m - gradation of g, where g(m)j = g^. 

i=j(mod m) 

Proof. For ji,j2 £ Z m and i s = j s (mod m), s = 1,2, we have i\ + i2 = ji + 
j 2 (mod m) and [0^,0^] C Q il+i2 C g(m) jl+j2 . Hence 

[flMji.flHj] C fl(m) il+i2 . 

□ 



19 



6 Explicit Construction of Generic Elements in 
Simply- laced Cases 

Throughout this section, g is assumed to be simply-laced, i.e. the corresponding 
Dynkin diagram T(g) consists of single edges only. Assume that the nodes of 
r(g) are indexed by a system of simple roots II = {ao, . . . , ai}. In this case, the 
corresponding Cartan matrix ((a,, ctj}[,)ij=o,...,^ is completely determined by 
their restrictions onto t, namely {ai,aj). — (ai\t, Qj|t) t f° r j ^ 0, i = 0, . . . , £, 
and (c^cko)^ = {ao,ak) tl = (ao\t, Q ( fc|t){ according to Lemma T3. II and the fact 
that all roots have the same length in a simply-laced scmisimple Lie algebra. 

Now we denote Wo as the Weyl group of gg s generated by the reflections in 
t* along {ai|t, ■ ■ ■ , at |t}. Let Wo be the subgroup of the Weyl group W of g 
generated by reflections along {ax, . . . , a{\. As every element in Wo preserves 
the subspace t*, the natural restriction map induces an isomorphism from Wo 
to Wo, denoted by w i— > w. Also, we see that Wo stabilizes each A*. 

Let (H a , X a , Y a ) be a standard s^-triple corresponding to a 6 A + , which 
will be fixed once and for all throughout the whole section. In the following, 
we will give an explicit construction of generic elements in gx and g_i as Go 
representations. 

Lemma 6.1. u>(a)|t = w(a|t) for all w € Wo, a £ A. In particular, we have 
| W ■ a \ = | Wo • a |t|. 

Proof. For all j = 1, ... ,1, by Lemma ETT1 we have 
("uJ(a)|t,<x,| t )t = (w(a),aj)t, 

= {a,w^ 1 {a J )) i) 
= (a\uw~ x (aj)\i)i 

= (a|t, w _1 (aj|t))t 
= (t«(a|i),aj|t)i. 

Since {ai, . . . , a^} form a basis of t*, we conclude that u>(a)|t = w(a\t). □ 
Lemma 6.2. For k ^ 0, 

Proof. Note that 

ckE Wq 'Oq 



^ (a,a fc ) h =0. 

a£ Wo-«o 

= ^ (a| t ,a/e|t)t (Lemma [3TTJ 

= (/?7 a fc|t) t (Lemma 153)1 

/86Wo-oo|{ 
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Here (i is just the sum of all extremal weights of gi as a gg s represen- 

/3gWV"o|t 

tation. As the set of extremal weights is symmetric about the origin, we have 
(3 = and thus 

/3eWWo|t 

XI (a,a k ) f) =0. 

a€LWa-ctQ 

□ 

Lemma 6.3. 

]T (a,ao> b =2|Wb-a |t|-|^{L ) 

— a 'o 

w/iere is £/ie orthogonal projection of a n to (Cc)*, i.e. a = «o|f + a with 
(a|t,ao)i, = 0. 

Proof. First note that Wo ■ cto C Ai so that every element in Wo • cto has the 
same orthogonal projection a' onto (Cc)*. Then by applying the above two 
lemmas, we obtain 



E a = E Ht + «o) 

a£Wo-aa a£Wo-ao 

= E f>+ E 

= | W • Qo| ' « 

= | Wo • ao|t| • a . 

It follows that 

E ( a ' a o>[, = | W • orojtl (a ,ao)[, 

(a ,a |i + a ) 



2 |W • a 



tl • 



(ao, ao) 

|2 



= 2|W .aok|-f^. 

IfoII 

□ 

Theorem 6.4. Lei q be a simply-laced semisimple Lie algebra as defined above. 
If (Go,8-i) is a regular prehomogeneous space, then there exist X e Qi,Y e g-i 
sweft i/iai [X, y] = c. 
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Proof. For k = 0, we have 



E x °> E ^ 



H a k , E ^° 



g a(H a „)X ai g r Q 

ckG Wq -qo V qGWq -ao 

= E ( a ' a *}[) ( X a> Y a) 

= | E ( a > a k)t,(H a ,H a ) 

aGWo-otQ 

0, if fc ^ 0(LemmaE2l), 

I Wb • otoltl ■ INIr • (H ao ,H ao ), if fc = (LemmaES]). 



Set 

X = 



1 



A/2|W -a |t| Kl 



n e ^ 



Then X E Qi, Y E g_! and that 

a k ([X,Y}) = 



1 . Ilaoll 

A/2|Wb-a |t| Kl 



E Y~ 



2(H ak ,[X,Y}) 

(H akl H ak ) 

fo, if fc ^ 0, 
|1, if fc = 0. 



Note that the regularity condition is to ensure that [X, Y] lies in f) as in this 



case- 



E E Y ? 

It follows that [X, Y] = c. 



— E 



□ 
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Corollary 6.5. [f| Let g be a simply-laced semisimple Lie algebra as defined above 
and X G 2i- If there exists Y e g_i such that [X, Y] = c, then [X, go] = Qx, i.e. 
X is a generic element of (Go,0i) 

Proof. First note that |c, X, Y form a standard set of generators for an SI2 
subalgebra a of g. Then from SI2 theory, if we decompose g into irreducible 
a representations, there are no weight spaces with weight 1 and that gi is the 
direct sum of all weight spaces of weight 2. Hence, we have [X, go] — gi- The 
stabilizer (go)x is reductive as it is the centralizer of a. □ 

7 The Ambient Lie Algebras of Parabolic PVS's 

With the effort of the previous sections, we can already conclude Theorem 
ll.lf iii) on the class of simply-laced Lie algebras. The general situation is more 
complicated as there can be more than one ambient Lie algebras g associated 
to an irreducible prehomogeneous vector space (Gq,V). For instance, if we 
consider the prehomogeneous vector space (GI/2,C 2 ), we can choose g to be 
either 5(3,505, G2. 

In this section, we will finish the proof of Theorem 1 1.1 1 by showing that given 
an irreducible parabolic P VS (Go , V, v) with connecting multiplicities there ex- 
ists exactly one ambient Lie algebra g containing go for which (r(g), r(gg s )) 
maps to (Go, V, v(g, V)) under the correspondence set up in Theorem ll.lf iv). 
The main result we used here is the Serre's Theorem which states that given 
a Cartan matrix A = (a^ ) of rank £ there is a semisimple Lie algebra with 31 
generators {Hi, Xi, Yi}, i = 1, . . . , I, satisfying 



[H,H J ]=Q (7.2) 

[Xi,Yi\ = H h [X t , Yj] = if * ^ j (7.3) 

[H it X s ] = aji X h [Hi, = -a 3l Y 3 (7.4) 

(adX i )- a i i+1 (X j )=Q (7.5) 

(adY. i )~ a ^ +1 {Y j )=Q (7.6) 



unique up to isomorphism. 

Suppose go s is of rank I and by choosing a Cartan subalgebra t as usual, we 
obtain a corresponding root system A . Finally, we fix a system of simple roots 
n = {ol\, . . . , at} of A . To each simple root o^, we already have {Hi, Xi, Yi} 
satisfying relations in (|7.2p - (|7.6[) . Let f) = 3g © t. To construct g it suffices to 
find _ffo,^07^o which are compatible with other Hi,Xi,Yi. 

Let v = (a\, . . . ,a r ) and w be the highest weight of the irreducible represen- 
tation (it, V) of gg s . Without loss of generality, we can assume that all a t ^ 

8 This corollary is first proved in 1151 . 
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and that the matrix 

/ 2 -<w,ai) 
-ai (ai,ai) 



-(a;,a r ) 
(ai,a r ) (ai,a r+ i) 



\ 

(ai, a*) 







\ (ai,ax) 
is a Cartan matrix, so that we have 

a,i(Hi,Hi) 



{at, on) J 



= K 



for some fixed nonzero constant K. Then there exists a unique element H £ t 
such that 



ai{H) = 



, if i = 1, . 



, otherwise. 

Pick any nonzero X € V* u , we can find a unique c € 3 Bo such that 

n*(H + c)X = 2X Q . 

Let k be the unique Go-invariant nondegeneratc bilinear form on g extending 
the Killing form of gff and satisfies 

k(c,c) = K — (H, H). 

Note that k(c, Qq s ) = is automatic from the invariance property of k, it follows 
that 

k{H q ,H q ) = k(H, H) + k(c, c) = K. 

Choose Y Q S V u such that X (y ) = -f ■ 

Formally, we can now impose conditions (|7.2|) - (|7.6|) to {Hi, Xj,, Yi}f_ , whence 
we obtain a semisimple Lie algebra g by applying the Serre's theorem. Since 
the last 3£ generators {i/,, Xj,, 5^}f = x are also generators for gg s , we obtain an 
embedding gg s C g, and that go = C-f/o © 0o s C 0. The remaining task is to 
construct the bracket relations between elements in go > V and V * which coincide 
with that abstractly defined in terms of the generators of g. The obvious choice 
of defining the bracket on go x V and go x V* is 

[Z,v]=n(Z)v, [Z,f]=n*(Z)f 

for all Z € Qq,v G V, f € V*. Direct checking shows that (|7.2[) - (|7.6p are satisfied 
except the equality [Xq, Yq] = Hq has not yet been established. 
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Since Xq is a lowest weight vector of (ir*, V*), for alii = 1, . . . ,£, 
(K*(Y i )X )Y o = = K (H o ,Y i ). 
Similarly, as Yo is a highest weight vector of (tt, V), for alH = 1, . . . t, 

X o (TT(X i ))Y =0 = K(H Q ,X i ). 
Clearly, for i = r + 1, ...,£, <ij = uj(Hi) = 0, and 

Xo(7r(X 4 ))y = w{Hi)X {Y ) = = k(F , 

For i = 1, . . . , r, 

X MX<))lo = wOffi)Xo(Yo) 

= -W(fl-i)y 

_ aiK{Hi,Hi) 
~ 2 

2 

= (H,H l ) 
= K(H a ,Hi). 

All together, we get 

k(H , Z) = X q (t:(Z)Y ) = -(n*(Z)X )Y for all Z G fl - (7.7) 
From 7r : go — > End(V) — V* ® V, we get the moment map 

^ : y* x V -» 

By identifying go and 0o through k, we get a bilinear map 

: x 1/ -» go- 

Explicitly, given u G V,/ G V*, <p(f,v) is the unique element such that 

K(4>(f,v),Z) = f(7r(Z)v) = -(ir*(Z)f)v for all Z G flo . 

In view of l|7.7[) . we have 0(Xo,Yo) = -Ho- Thus this map coincides with the 
bracket structure constructed on g. In other words, we have V and V* embedded 
into q with the bracket between elements of V and V* given by the map <f>. In 
particular , we have Xq being a root vector corresponding to a root oq of q with 
respect to [j. Let Si G f)* is the extension of a« G t* by setting cTi(c) = 0. Then 
we can easily see that II = {ao, SJ, . . . ,5^} is a system of simple roots to g with 
So 1 1 = — w, 5j|t = aj for i — 1,...£, and the corresponding Cartan matrix is 
given by A. This complete the proof of Theorem 11.11 
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8 PVS's of Twisted Affine Type 



As we have mentioned in the introduction, there are some examples of pre- 
homogeneous vector spaces consisting of finitely many orbits which are not of 
parabolic type. Among the irreducible reduced ones, there are six exceptional 
cases as listed in Table |U We will briefly explain these structures and will find 
a unified way of constructing them. 

Observe that we have the following grading: 



SOio = i 


jli x G 2 C 


BC 7 


©(C 7 ) 


* © C 7 © (C 


: 7 )* ©c 


© (C)* 




E 6 =j 


j[ 2 xG 2 ffl 


(C 2 g 


)C 7 )© 


'(C 2 ©C 7 )*( 


B(C 2 ©d 


: 7 )©(<c 2 © 


C 7 )*ffiC 2 ffi 


SO12 = i 


}[ 2 XS0 7 « 


BC 7 


©(C 2 


<g> S) © (C 2 


® sy © 


c©c* 




E 7 = s 


3I3 X S °7 ' 


BC 7 


© (C 3 


® 5) © (C 3 


© 


(C 3 © S) € 


3 (C 3 © SO* 


E G =i 


3 l x x SO9 ( 


BC 9 


© (C<? 
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They are obtained from successive Z-gradations and then further decomposed 
by an outer automorphism of the th graded reductive subalgebra. For example, 
(Gii x G2, C © C 7 ) can be obtained by first considering the Z-gradation 

soio = glj x so 8 ©C 8 © (C 8 )* 

associated to the augmentation of Dynkin diagrams (Ds,!^) and then further 
decompose the gradation into irreducible representations of the fixed point sub- 
algebra G2 of S08 by an outer automorphism induced from the triality of the 
Dynkin diagram D4. Other cases can be done similarly by a suitable reduction 
of their Dynkin diagrams to the one possessing a nontrivial outer automorphism 
and then decompose the gradation by the fixed point subalgebra obtained from 
the corresponding outer automorphism. The advantage of doing this is that 
the irreducible subrepresentations contained in any nonzero components of the 
Z-gradations still lie in the nilpotent cone of the orginal ambient semisimple Lie 
algebra, so that our previous arguments in Section [¥] are still valid in these cases 
according to Remark 4 after the proof of Theorem 14.11 Collectively speaking, 
the six cases above can be obtained from the twisted affine diagrams 

#( 3 ) • o < o 



E^ 2 *) o • o < o o 



r( 2 ) • o < o o o 

by deleting the painted node. For example, in the case of (GLi x G*2,C © 
C 7 ), the naive way to associate the twisted affine diagram is the construct an 
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augmentation of the Dynkin diagram G2 by adjoining the lowest weight of C(g>C 7 
to the corresponding system of simple roots. It also works for the cases (GL 2 x 
Spiny, C 2 ®S) and (GLi x Spin 9} C<g>S). In fact, these pieces of information give 
rise to Z m -gradations instead of Z-gradations since they can be treated as the 
fixed point algebra of appropriate outer automorphisms of a regular subalgebra 
of the ambient Lie algebra, and then the corresponding branching of the adjoint 
representations yields the above decompositions. These Z m -gradations possess 
an extra symmetry between the graded pieces which allow us to extend the 
symmetry group to GL 2 x G 2} GL 3 x Spiny and GL\ x Spin\\ respectively in 
the remaining three cases. From this point of view, it is reasonable to call them 
the prehomogeneous vector spaces of twisted affine type. 

9 Orbit Structure of (GL 2 x SL 2m +h C 2 <8> A 2 C 2m+1 ) 

In this section, we will examine the orbit structure of the exceptional series 
(GL 2 x SL 2m+ i, C 2 <g> A 2 C 2m+1 ), to > 4, of irreducible reduced PVS's consisting 
of an infinite number of orbits. Basically, the reason of having an infinite number 
of orbits is due to the absence of an open orbit in (GL 2 x SL 2mi C 2 <S> A 2 C 2m ). 
At the same time, the construction given below also explains why it is not the 
case when m < 3. 

First, we decompose C 2 A 2 C 2m+1 into two two parts: 

C 2 ® A 2 C 2m+1 = {(1, 0) ® W! + (0, 1) ® w 2 |wi, wa G A 2 C 2m+1 } = U 1 UU 2 

where 

E/i = {(l,0)®wi + (0,1) ®w 2 |wi,W2 G A 2 F for some 2m-dim'^ V C C 2m+1 }, 
J7 2 = C 2 ® A 2 C 2m+1 -f/i. 

Note that for any (A, g) G GL 2 x 5L 2m+ i, A = ^ ° ^ ^ , (1, 0) ® uj x + (0, 1) ® 
w 2 eC 2 8 A 2 C 2m+1 , we have 

(.4,5)-[(l,0)(8»wi + (0,l)(8»W2] 
=(0, c) ® gwi + (6, d) 5^2 

=(1, 0) (8) (oflfWi + &5^ 2 ) + (0, 1) ® (cg^i + dgu> 2 ). 

So if both u)x,u)2 G A 2 V for some V C C 2m+1 , gu)i,gu 2 G <?F and (1,0) ® 
+ 63^2) + (0,1) ® (cgoJi + dguj 2 ) e f/i. It follows that J/i and U 2 are 
GL2 x SX 2m +i-invariant subsets. 

We fix the standard C 2m as generated by the first 2m coordinate vectors 
e 1 ,. .. ,e 2m of C 2m+1 . We see that any GL 2 x SX 2m+ i-orbit in Ui intersects 
A 2 C 2m nontrivially as a GL 2 x SX 2m -orbit in A 2 C 2m . In other words, we have 
an one-to-one correspondence between the GL2 x SX 2m +i-orbits in U\ and the 
GL 2 x SX 2m -orbits in A 2 C 2m . 
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To see that A 2 C 2m has infinitely many GL 2 x SX 2m -orbits, we attach to 
each (1, 0) (g) wi + (0, 1) ® uj 2 a two parameter family of top exterior forms 

(A Wl + ^ 2 ) m = f (ui , U2) (X, n) e 1 A ■ ■ • A e 2m , 

where fr U i,wi) is a homogeneous polynomial of degree m in A,/i. It is easy to 
check that such polynomials satisfies 

for any (A,g) G GL 2 X SL 2m . Thus we obtain a map 

$ : C 2 ® k 2 <C 2m /GL 2 x SL 2m — ► S m C 2 /GL 2 , (9.8) 

where S m< C 2 is identified with the space of homogeneous polynomials of degree 
m ■ 

Proposition 9.1. The map $ defined in $9.8\i is surjective. 

Proof. Pick any nonzero homogeneous polynomial /(A,//) of degree m, there 
exists pi = [Ai : fix], . . . ,p m — [X m : fJ, m ] G CP 1 unique up to reordering such 
that 

m 

/(A, A«) = JJ(/XjA - Aj/i) 

i=l 

for suitable representatives of homogeneous coordinates Ai, Hi- Then by setting 
w l = '\/^(Mie 1 Ae 2 + --- + Alm e 2m - 1 Ae 2m ) andw 2 = - '^/^(Axe 1 A e 2 + • • • + 
A m e 2m - 1 Ae 2m ), we have 



(Awi + / x« 2 ) m = -^[(MiA - A lM )e 1 A e 2 + • • • + (/i m A - A m/ i)e 2 ™- 1 A e 2m ] m 
ml 

m 

= Y[( f x i X- A^e 1 A---Ae 2m 
i=i 

= /(A, M )e 1 A...Ae 2m 

Thus f( ull , U j 2 ) = / an d $ is surjective. □ 
Corollary 9.2. £/i consists of infinitely many orbits for m > 4. 
PVoo/. Note that 

S rn C 2 //GL 2 = (S" l C 2 - {0}) /GL 2 = At 

where A4o^ m is the moduli space of m-points in P , which is infinite iff m > 4 
according to the fact that PGL\ acts 3-transitively on P 1 . By Proposition 
[9~T1 C 2 ® A 2 C 2m /GL 2 x SL2m is infinite as $ is surjective. The result then 
follows from the one-to-one correspondence between U\/GL 2 x SL 2m+ \ and 
C 2 <g) A 2 C 2m /GL 2 x SL 2m established above. □ 



In particular, it forces that the open orbit of C 2 <S> A 2 C 2m+1 lies in f7 2 , and 
with a little bit more effort, we see that U2 actually forms a single orbit. The 
reason is that under the action of SL 2 every element (1, 0) <S>a>i + (0, 1) (g>o>2 6 U 2 
can be conjugated so that u>i, w 2 are of rank m, and that all those full rank 
elements are inside the same GL2 x SX 2TO +i-orbit. 

In fact, outside of <f> _1 (0), 

$ : (C 2 ® A 2 C 2m - $ _1 (0)) /GL 2 x SZ, 2m -» (S* m C 2 - {0}) /Gi 2 

is a m : 1 branched cover of projective varieties. In particular, when m < 3, there 
are only finite number of orbits upstairs outside the central fibre <I> _1 (0), while 
$ _1 (0) can be identified with (C 2 ® A 2 C 2m_1 ) /GL 2 xSL 2m -i. So by backward 
induction, we see that C 2 (g)A 2 C 2rn_1 has a finite number of GL 2 x 5i 2m _i-orbits 
for to < 3. The result is summerized in the following theorem. 

Theorem 9.3. (C 2 ® A 2 C 2m+1 , GL 2 x SL 2m +i) has an open orbit for all m > 1, 
and it consists of finite number of orbits if and only if m> 4. 
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Appendix 



A Z-Gradations of Semisimple Lie Algebras 

This section is devoted to the generalities of Z m -gradations of semisimple Lie 
algebras which were encountered when we discussed augmentation of Dynkin 
diagrams. For the sake of completeness, we have included the proofs of some 
standard results which can be found in [21] . 

Definition A.l. Let q be a Lie algebra and m G Z>o- A 1 m -gradation of g is 
a direct sum decomposition 

= Bi 

of q into vector subspaces gi (i G Z m ) satisfying [Qi,Qj] C Qi+j for all i,j G Z m . 

Given a Z m -gradation g = Qi of g, we see that go is a subalgebra of 

q and that every Qk{k ^ 0) is a go representation through the adjoint action. 
Especially, when g is complex semisimple and m = (i.e. Z m = Z), there is a 
more detailed description about the Z-gradation. 

Proposition A.l. Let g be a complex semisimple Lie algebra with a IL-gradation 
^^g;, and let n : g x g — > C denote the Killing form of g. Then 

iez 

(i) n(Qi,Qj) = whenever i + j ^ 0. 

(ii) n\ SiX3 i is nondegenerate for all i 6 Z; in particular, it implies that go is 
a reductive subalgebra of g. 

Proof. (i) Pick any X G jjj, Y G g 3 , then for every fc G Z 

(adx o ady)" l (g fc ) C g fe+m ( i+J -). 

Since i+j 0, for sufficiently large m, g/c+m(i+j) = 0. Hence adx o ady 
is nilpotent and k(X,Y) = Tr(adx o ady) = 0. 

(ii) For every nonzero X G g^, there exists an Y G g such that «(X, Y) 7^ 
as k is nondegenrate on g. Now let F_j be the component of Y in Qj for 
j G Z. Then in view of (i), 

k(X,Y) =J2< x > y j) = K(*,r-<) ^0. 

jez 

Thus K| Bi x 8 _i is nondegenerate. 

□ 
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B Basic Facts about Algebraic Groups 



Let V be a complex G-variety, i.e. a complex algebraic variety with a continuous 
group homomorphism tt from G to the group of biregular morphisms C[V]* on 
V. For each i£V, we can form the orbit G ■ x and consider the orbit map 

7r x : G — > G ■ x. 

Proposition B.l. Let G,V,ir,ir x be defined as above. 

(i) For each x € V , the orbit closure G ■ x is a subvariety of V. Moreover, if 
V is affine, then so is G ■ x. 

(ii) G ■ x is open in G ■ x. In particular, there is a natural structure of smooth 
algebraic variety on G ■ x. 

(Hi) The orbit map ir x is a surjective morphism of varieties. 

Note that the identity component G° of G is connected, which is equivalent 
to G° being irreducible. We have, for every x £ V, G° -x = ir x (G°) is irreducible, 
as n x is a surjective morphism. In general, we can write G'iasa finite union of 
G°-orbits in G; these G°-orbits are both connected and irreducible components 
of G ■ x. 

Proposition B.2. Let G x := {g € G\g-x — x} denote the stabilizer (also called 
isotropy subgroup) of x £ V. Then G x is a closed subgroup of G and tt x induces 
an isomorphism 

"R x '■ G/G x — ► G ■ x. 

In particular, we have 

dim G • x = dim G — dim G x . 

Corollary B.3. For every x G V, G • x is a smooth equidimensional algebraic 
variety. More precisely, all irreducible components of G ■ x are smooth subvari- 
eties having the same dimension dimG — dimG • x. 

Note that G ■ x is clearly stable under the action of G, hence it is a union of 
G-orbits. In particular, this enables us to define a partial ordering on the set of 
G-orbits. 

Definition B.l. For any pair of elements x,y S V, we say that G ■ y is less 
than G ■ x, denoted by G ■ y < G ■ x, if G ■ y C G • x. This yields are partial 
ordering, called the closure ordering, on the set G\V of G-orbits in V. 

Now let V be defined over R, so that the set of R-rational points Vr is a 
variety over R. We have the following fundamental result of Whitney [25] : 

Theorem B.4. Let V be a complex algebraic variety defined over R. Then the 
set of R-rational points Vr of V decomposes into a finite number of connected 
components. 
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Corollary B.5. Let G be a connected complex algebraic group defined over R. 
Then Gr has a finite number of connected components. 

Theorem B.6. Let G be a complex reductive algebraic group defined over R 
and V be a representation of G with finite number of G -orbits whose restriction 
to Gr is of real type. Then the real representation Vr of Gr has a finite number 
of Gr- orbits. In particular, Vr has an open G^-orbit. 

Proof. Note that every G-orbit in V is also stable under Gr. So it suffices to 
show that every G-orbit intersects Vr with a finite number of GR-orbits. Now 
fix any G-orbit O in V. Then for every w e On Vr, 

t v (o n Vr) C g ■ v n Vi = te = T V (G R • w). 

On the other hand, we have O D Vr D Gr • v. Thus T v (0 D Vr) = T V (G R ■ v). 
It follows that Gr • v is open in O R Vr and is also closed in O (~l Vk since its 
complement is union of such GR-orbits. Hence we conclude that Gr ■ v is a union 
of connected components of OPiVr. Now by Theorem lB.41 number of connected 
components of O n Vr must be finite. As the number of connected components 
of O n Vr must exceed the number of GR-orbits in O n Vr, there can only have 
finite number of GR-orbits in O fl Vr. □ 
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Tables 



Tabic 3: Tabic for irreducible PVS of parabolic type. 
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n—1 n 
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{GL k x SL n - k ,C k ®(C n - k 


j ) 2 < k < 2±i 
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o o • • • 

1 2 


o > o 
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k 


(GL k X S0 2 n-2k+l,C k ®C 2n 


- 2k+1 ) 2< fe <n-l 
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n 
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c n 




o o • • • 

1 2 


<: O 

i—l n 






1 
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(1) 




k 
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(1,1) 




n — 1 
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1®C 2 ) 


(1,2) 




n 


(GL„,S 2 C") 
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o o • • • c 

1 2 
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3 O 

ri-2 n-1 
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(GLi x S0 2 „_ 2 ,C®C 2 "- 2 ) 
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(Gi fe x S0 2 „_ 2fe ,C fc «>C 2 "- 
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(1,1) 
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02 



(GLi x Spin w ,C® S + ) 
(GL 2 x SL 5 , C 2 ®A 2 C 5 ) 
(GL 2 x SL 2 3 , C 2 

(GL 6 , A 3 C 6 ) 



£ 7 



02 



(GLi x Spini2,C(g>,S' + ) 
(GL 2 x 5L 6 , C 2 ®A 2 C 6 ) 
(GL 2 x SL 3 x SL 4 , C 2 <g> C 3 ® C 4 ) 
(GL 3 x 5L 5 ,C 3 (g)A 2 C 5 ) 
(GL 2 x 5pmi ,C 2 ® 5+) 
(GLi x £ 6 ,C® C 27 ) 
(GL7, A 3 C 7 ) 



^8 



02 



(GLi x Spin 14 ,C® S+) 
(GL 2 x SL 7 ,C 2 ®A 2 C 7 ) 
(GL 2 x SL 3 x SL 6 , C 2 ® C 3 C 5 ) 
(GL 4 x 5L 5 , C 4 ® A 2 C 5 ) 
(GL 3 x S , pim ,C 3 <8)5 + ) 
(GL 2 x E 6 , C 2 <g> C 27 ) 
(GLi x E 7 ,C® C 56 ) 
(GL 8 , A 3 C 8 ) 



^4 



12 3 4 

(GLi x Spin 7 ,C®S) 
(GL 2 x SL 3 ,C 2 ®C 3 ) 
(GL 2 x SL 3 ,C 2 ®S 2 C 3 ) 



(GLi x ffp 3 



') 



G 2 



(GL 2 ,C 2 ) 
(GL 2 ,S 3 C 2 ) 
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Table 4: Table for twisted affine type. 






(G ,V) 


SOio 


(GLi x G 2 ,C® C 7 ) 


Ee 


(GL 2 x G 2 ,C 2 ®C 7 ) 


SO12 


(GL 2 x Spin 7 ,C 2 <E> S) 


Ej 


(GL 3 x Spin 7 ,C 3 ®S) 


Ee 


{GLi x Sping, C®S) 


E 7 


(Gii x Spin n ,C® S) 
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